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S

Finite difference solutions to nonlinear equations governing fluid flow often exhibit large errors in the vicinity
of discontinuities or steep gradients. The present study details a technique for analyzing these errors through use
of the modified equatlon approach. Once the leading error terms are identified, a procedure is demonstrated
whereby these terms can be removed as the solution proceeds. The resulting corrected solution i is shown to be
much improved at discontinuities. In order to illustrate this technique, the modified equatlon is developed to
fourth order for both general classes of two-step Lax-Wendroff schemes and the implicit schemes due to Beam

- and Warming. Both are applied to the one-dimensional Euler equations. Solutions of the one-dimensional shock
tube problem are obtained, both with and without removal of the leading error terms. Numerical evaluation of
the errors for the Lax-Wendroff schemes reveals that a.nearly third-order accurate scheme can be obtained very
readily by removal of only the leading error term. Correction of the lmphclt schemes by explicit means does not
result-in a stable scheme. Results of implicit correctlon for the implicit scheme are shown to be stable only for

CFL >1 by linear analysns

Introductlon

N general, dissipative finite difference integration schemes
have been found to be quite robust when applied to the

Euler equations of gas dynamics. When the equations are '

written in conservation form, solutions obtained by use of
these schemes have the remarkable feature of modeling
discontinuities of the flowfield (such as shock waves and
contact surfaces). This property has been used to advantage in
many studies.!> However, large errors can be present in the
Vicinity of these discontinuities, resulting in oscillatory
behavior of the solution. The magnitude of these oscillations
is dependent on the strength of the discontinuity; for the
nonlinear - equations, the oscillations are ultimately

destabilizing, thereby severely limiting the ability of the in-

tegration technique to compute strong shock waves and
contact surfaces. In addition, an error propagating from the
vicinity of the discontinuities may distort other important
features of the flow. Previous efforts to stabilize these
nonlin€ar instabilities (apart from the normal requirements
for linear stability) have used either various forms of ad-
ditional dissipation terms* or the (often laborious) fitting of
each discontinuity as it appears in the solution. In the first
instance, nonphysical solutions may result from the use of
these dissipation terms as the apparent viscosity. of the
~ equation set is usually increased. In the second instance,
- fitting of each discontinuity as it arises presents a very dif-
ficult coding problem and prevents its use in universally
applicable computer codes.

The present study details a modified equation analys1s of
both implicit and explicit finite difference. techniques - as
applied to the Euler equations. The analysis is used to identify
those error terms which contribute most to the observed
solution errors. A technique for analytically removing the
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dominant error terms is demonstrated, resulting in a greatly

improved solution for the explicit Lax-Wendroff schemes.

Analysis k

The Euler equations in conservative form can be wrltten as
a general nonlmear system: |

WA NL=0 ay

where -

w=(p,me)T

s=[m ((v¥’$e+ 3_31%2)( - TImTZ)%]T

m/p is the fluid velocity, p is the fluid density, and e is the
total energy per unit volume. The numerical schemes which
will be examined are the generalized Lax-Wendroff scheme$
and the implicit scheme of Beam and Warming.’

Generalized Lax-Wendroff Scheme

The generalized Lax-Wendroff schéme as given by Lerat
and Peyret$ is as follows: B

W= (1= B)wi+Bwr, —ao(f,, —f))
witl=wi— (0/2a) [(a—B)fly, + (28— 1) S}
+(U—a=B) i +fi=Fi-) ‘ @

where' o and @ are arbitrary -parameters with a«#0 and
o=At/Ax. The predicted value w; approximates the solution
at x=(j+B)Ax and r=(n+a)At. The w and f vectors of
Eqgs. (2) are those of Eq. (1) evaluated at (for example) the

discrete points jAx and nAt.

Mod:fted Equation

The modified equation results when the vectors in Egs. (2)
are expanded in a Taylor series. All time derivatives of a
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higher. degree than 1 may be eliminated by a series of linear
operations using the modified equation itself. The procedure
for the Lax-Wendroff scheme wrth a fixed time step is as
follows8:

1) First the quanuty f of Eqgs. (2) is expanded about the
locationj,

Ty =F(9), =10 £ (W) (B =w)
+ (1120f" () (F=wD) 2+ (113DF" () (F=wD) T+
' 3)

The quantity w- w7 is cleared using the f1rst of equations (2),
which yields

L= f ) [B(W)y =W —ao (fl, =D T
+ (1/2Df" (WD) [B(WE,, =W —ao(fl, , —f1) 12
+(1/3')f’”(wn)[5( wh "w}')—aa(j}'_u—f;l)]-’-}-...
A

whére f* =0df/dw is the Jacobian matrix and the higher-order
Jacobian matrices'are - :

f” =32f/aW2, fm =83f/3w3, etc. .

A similar expression results for fj_ ;- The two series for the
flux "vectors evaluated at the predictor level are then sub-
stituted into the second of Eqs. (2). The resulting expression
contains terms-evaluated at the time levels n and n+ 1 only, so
straightforward expansions of fand w can now be performed.
After the Taylor series expansions of f and w are carried out
and substituted into Egs. (2), considerable algebra yields an
expression containing the original differential equation plus
higher-order space and time derivatives. This expression is
called the modified equation?® in this paper. A series of linear
operations is then carried out to eliminate the higher-order
time derivatives. These operations involve differentiating the
modified equation, multiplying by the proper coefficients,
and then subtracting the result from the modified equation in
order to eliminate a specified higher-order time derivative.
This process is repeated, in each instance using derivatives of
the modified equation, until the higher time derivatives have
been eliminated to the desired order. After collection of terms
and algebraic simplification, the resulting equation is known
as the modlfled equatlon8 wrthout the h1gher order time
derivatives.

The modified equatlon w1th all terms retained is the dif-
ferential form of the finite difference equation.

When this procedure is followed for the generalized Lax-
Wendroff system as applled to the Euler equations, the
resulting modified equation is

2

w,tf+ —

ad
6 a {fxx+ aB(ﬁ—I)f (Wx,WX)

-3 (8- I)f”(wx,f)+02[(3 DF* Gt

e en o Ax3 dEX ‘ _
PG =L ) ||+ S S O(A0) =
®

The third-order terms denoted by EX are given in the Ap-
pendix. .

Previous studies have used the modified equation approach
to generate new numerical schemes or to examine the shock
wave. structure for Lax-Wendroff-type schemes. Lerat® and
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Majda and Osher!® have examined the scalar conservation

. equation (inviscid Burgers equation). Lerat added correction

terms to obtain monotonic shock profiles and Majda and
Osher have determined the general form of the stabilizing
term to-be included with the scheme to guarantee nonlinear
stability. Lerat and Peyret® have considered the full system of
nonlinear equations -(one-dimensional Euler equations). to
determine the optimum values of o and 8. Warming et al.?
have used the modified -equation of the. linear convection
equation to minimize the dissipation or dispersive error for
the third-order MacCormack-type schemes. However, none
have used the full system of Euler equations to determine the
correction terms necessary for improved accuracy.

In the present study the behavior of the higher-order terms
(A?-and A?). in the modified equation is examined. This.is
accomplished by numerically evaluating the terms in Eq: (5)
which do not appear in the original equation. This means that
the derivatives appearing in these terms are approximated by
second-order accurate finite differences. It should be 'noted
that the numerical approximation of the derivatives in the
additional terms does introduce error into the modified
equation. However, the use .of second-order accurate ‘ap-
proximations for these terms places the error in fourth order
and higher terms (at least for second-order accurate schemes
such-as the Lax-Wendroff schemes) and therefore should not"
affect the conclusions significantly. The terms in the modified
equation which are contributing most to the inaccuracies.of
the solution can'now be identified at any time step. :

Since the Lax-Wendroff schemes can also be used to obtain
steady-state solutions, it is of interest to obtain the truncation
errors  for this case. The modified equation is obtained by
setting w**! = w" in Egs. (2). It is up to third order as follows:

At 0 Ax2 0 3 1
o= 5 s U U1+ S o (ft 20 W D e ww)
X

3AiAx
#u 26) =L (Wt
3aAl?

a
— [ = 3
7 U Uef01=0(a%)

We note that the steady-state solution depends on the time
step and furthermore that it is only first-order accurate. The
first-order term is dissipative (and dispersive) provided the
eigenvalues of the Jacobian matrix f” do not vanish..If they
do, as for example at a stagnation or sonic point, then ar-
tificial dissipation must be appended to the scheme to

~ guarantee stability.

Correction of the Original Differential Equation

Since the additional terms in the modified equation do not .
appear in the original differential equation, contributions
from these terms will lead to inaccuracies when compared to
an analytic solution of the original differential equation. In
the present study a technique is developed for altering the
original differential equation in order to remove the dominant
error terms of the modified equation. The cancellation of
these terms (if all those of a given order are removed) will
result in a higher-order integration scheme.

As an example, assume that the (Ax?/6)-f,, term appearmg
in Eq. (5) has been observed to contribute substantially to the
oscillatory behavior. This term can be removed from the
modified equations by changing the original system 'of
equat1ons as follows

w, + Lf,,(wn L ®

where f, =f— (Ax?/6)-f,,. As noted above, additional terms
in the modified equations result from this approach.
However, they are of higher order (A* and above) for the Lax-
Wendroff system.
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Impllclt Scheme

The implicit scheme consxdered in this paper is the scheme
developed by Beam and Warming” with smoothing
parameters added as by Desideri.!' The scheme is a four-
parameter scheme and is given by

(I+ IB_AE‘SX eiVX.A;)(w"ﬂ*I—W”)
__E___(Wn_wn l)_iﬁf‘n €, (V A )ZW" (7)
1+¢ I1+¢ o ‘

where 6X and v, define the usual dif ference operators:
8, Fr=(Fp,,—F_;)/2Ax
AV, F; =Fﬁ%1.‘éF2‘+Fﬁ—1
(A, V )2IFp=FY,,— 4Fk+1+6Fk 4Fy_ 4+ F,
The two smoothing parameters are ¢, and ¢; for the exp11c1t

and implicit smoothing, respectively. Scheme (7) encompasses
the three well-known formulas for the time integration:

o= £=0 trapezmdal rule
g =1', £=0 Euler implicit
=1, E=1 fhree-point backward

The scheme is second-order accurate in time if §=¢ + ¥4. The
trapezoidal rule and the three-point backward scheme are two
examples of second-order time accurate implicit schemes.
Note that the implicit smoothing consists of a.second spatial
derivative instead of a fourth spatial deérivative, as for the
explicit smoothing. This limit to second derivative is required
to maintain the block tridiagonal structure of the implicit
scheme.

Modified Equation

The modifiéd equation for scheme (7) can be derived in a
manneér similar to that for the explicit scheme. The modified
equation for the four- parameter implicit scheme is given to
fourth order by .

. 1 d a
- —_— — r £ 2
w,+fx At(@ 5 2) ax(ff w,) +Ax ™

i (3296497

102 [92+ g - é + (é +£) (i+2£?30~)]f'. (f'fx)x}

X {(é + (I;FE)ei)fxx—

a
: +Ax3aIM+O(A4)=O _ 8) ‘

The term IM includes the third-order truncation errors and is
given in the Appendix. Wé note that the leading truncation
error term is first order in time and is removed if (6 — %5 = §)
vanishes. For a linear differential equation this truncation
error behaves like a second-order smoothing term, i.e., it is

- highly dissipative. For a nonlinear differential equation, the

first-order truncation error behaves again as a second-order
dissipation term with some dispersion added; i.e., the term
(8/9x) (f'f’w,) expands to the following form:

d \ ’ )
a (f,fl wx) = (f” wxfl +f,f”'wx) Wy +flf’ Wyx (9)
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“The first term is strictly dispersive with the. variable coef-

ficient in parentheses and the second term is strictly
dissipative with the variable coefficient f’f*, which is a

‘positive: definite matrix. It is this dissipative term which

accounts for the improved stability properties of the Euler
implicit scheme. But the fact that this truncation error is only
first-order accurate in time is a major drawback for unsteady
problems. )

The modified equation for this scheme “at steady state
(wn+1 =wh = wn— 1) is

Ax? € (1+£) o
5 St T AX W =0(A7)

St

For stability, additional dissipation in the form of the last

term on the left-hand side has to be added. If the steady-state

solution is to be independent of the time step, €, should be
proportional to Az

‘ Correction of the Original Differential Equation

The scheme can be made second-order time accurate either
by the appropriate choice of the parameters § and £ or by
correcting the original differential equation as was done for -

- the explicit scheme. If we form the new flux vector f,,

. 1) 1 a £t £
fo=peae(f=5 =) = (P Fw)
ahd solve the eduation

w+ (fy) =0 (10)

in place of the original equation, we obtain a second-order
time accurate scheme. The corrected portion of the new flux
term may be treated either explicitly or implicitly. However,
the procedure is unstable regardless of whether the correction
is solved explicitly or implicitly. The reason for this will
become obvious later. Before proceeding further it is
necessary to do at least a linear stability analysis for both

schemes applied to the corrected and uncorrected equations.

Stability Analysis }

" It is of interest to examine the stability of both schemes as
applied to the linear form of Eq. (5). Use of the von Neumann
stability procedure!® obtains the amplification factor of the
finite difference scheme denoted by g (k). The necessary and

- sufficient condition for the stability of the scheme is that

lg(k)1 <1 ; (11

) lfor all values of k, where k is the kth Fourier component ofa

harmomc decomposition.

Lax-Wendroff Scheme

The amplification factor for the Lax Wendroff scheme is
given by

glk)y=a+ib+vy(c+id) 12)
where
i=vV=1, a=1-2v’z," b= —ysind

S .
c=—» [8z2— ;1 (E +z(1+8z~32z2))]/3

d= —2vzsind/3

where v=co is the Courant number, z=sin?(6/2), and
6=kAx. The parameter v=0 if the scheme is applied to the



490 : _ G.H.KLOPFER AND D. S. McRAE.

AIAA JOURNAL

= UNCORRECTED LAX-WENDROFF SCHEME

: “Ax2
= LAX-WENDROFF SCHEME CORRECTED BY —A;—fxx

Fig.1 Polar plot of linear amplification factor for the second-order corrected and uncorrected Lax-Wendroff scheme.

UNCORRECTED LAX-WENDROFF SQHEME

v=0.38

2
-A
— — — LAX-WENDROFF SCHEME CORRECTED BY =~ f,;

Fig. 2 Polar plot of phése error for the second-order corrected and uncorrected Lax-Wendroff scheme.

" uncorrected Eq. (1) or equals 1 fof the corrected Eq. (5). Polar

plots for various Courant numbers » and both values of the
parameter are shown in Figs. 1'and 2. Only one survey of the
stability is necessary, as all of the Lax-Wendroff schemes
reduce to the samge scheme for a linear equation. The
dissipative and dispersive errors of the scheme are compared

in the polar plots of gl and ¢/¢,. Since g(k) is complex, we

may write
g(k)=lgle®

The phase shift per time step of an exact spatially periodic
solution of the scalar equation

w,+cw, =0
is given by
¢, = —ckAt= — vkAx

The finite difference scheme propagates the Fourier
components of the solution with a speed of (¢/¢,) - instead
of the correct speed c. ‘

The first figure depicts the modulus of ‘g for various
Courant numbers of both the uncorrected scheme (y=0) and
the scheme corrected by —Ax?/6-f,,, i.e., y=1. The un-

X

corrected scheme is stable, i.e., lgl <1, for all y<1. The
corrected scheme is slightly unstable, however, for all ». This
is shown by the dotted line in Fig. 1. For small 6, Igl=1+e¢,

“where 0<e<1.For ==, lgl <1 only for »=<0.55. Numerical

experiments, however, indicate that all of the corrected
schemes are stable for »<0.6. This indicates that the slight
linear instability for small 8 can be tolerated. The phase errors
for the Lax-Wendroff scheme are shown in Fig. 2. It is in-

~ teresting to note that the phase error for the corrected scheme

is very small at a Courant number »=0.4. For larger Courant
numbers the phase error becomes larger than unity (leading
phase error).

Implicit Schemes
The amplification factor for the four-parameter implicit
scheme is given by :

(a+ib)g? + (ctid)g+e=0 (13)

where v . :

a=1+E+220v1? (6= %5 —F)—2¢),  b=frsind R
c=—1-2F—4ze,+ 162%c, +4zy(y— 1)V (6— V5 &)

d= (1 -0)wsind, e=¢
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As before, » is the Courant number and z=sin? (8/2). The
two parameters v and ¥ determine whether the scheme is
corrected for the first-order truncation error: If y=0, the
scheme is uncorrected. If y=1, the scheme is corrected to
second-order time accuracy. If y=1, the correction is fully
implicit and if 4 =0, then the correction is explicit.

There are two roots to Eq. (13). Both roots must satisfy

" condition (11) for the implicit scheme to be stable. The un-

corrected Euler implicit scheme (=1, £=0) is stable for all
Courant numbers. However, the scheme corrected for the
first-order truncation error is unstable whether the correction
is treated explicitly or implicitly. The reason for this is quite
apparent from Eq. (9). The second term of this first-order
truncation error is dissipative and thus stabilizing. However,
when the original differential equation is corrected for the
first-order truncation error terms, as in Eq. (10), this equation
now becomes ill-posed. -

In other words, we are now solving the system

Wit (o) o= Wt S AHO= V= 8) 7S
+f W)W+ A0 - V2~ E) (f’f')wxx;O

/which is no longer well-posed due to the last term on the left-
hand side. As is well known, '3 no stable numerical scheme can
solve an ill-posed differential equation.

Results

The model problem chosen for this study is the one-
dimensional shock tube. The tube is initialized with a perfect
gas at constant temperature and a pressure ratio of 5.0 across
the diaphragm. At time ¢ =0, the diaphragm is ‘‘broken’’ and
the solution proceeds, resulting in an expansion wave, a
contact surface, and a shock wave. The solution proceeds
until the waves nearly reach the ends of the computational
domain at a nondimensional #=1.5. This problem has the
advantage of combining the three flow situations of primary
interest in this study (shock waves, expansion waves, and
contact surfaces) and requires little computation 'time.
Identical initial conditions are used for both the explicit Lax-
Wendroff scheme and the implicit Beam-Warming scheme to
allow comparison of the relative accuracies of the two in-
tegration techniques for this model problem. Since the
solution was not allowed to reach the end ““walls,”” boundary
conditions are not considered in the present study.
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-TIME STEP = 0.01000 TIME = 1.500

Fig. 3 Density distribution in a one-dimensional shock tube as solved
by MacCormack’s method.
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Lax-Wendroff Schemes

Results of applying the Lax-Wendroff system to the model
problem are shown in Fig. 3. For illustrative purposes, results
for the forward predictor. MacCormack’s scheme (x=1.0,
3=0.0) only ‘are shown with differences noted in the
discussion for the other Lax-Wendroff schemes. The spatial
and temporal steps were maintained constant at 0.05 and
0.01, respectively, during the computation. '

As can be noted in Fig. 3, the solution for density (solid
line) is characterized by large oscillations in the vicinity of the
shock wave and contact surface. The very large oscillation at
x=2.0 is near the initial position of the diaphragm and ap-
pears to be the remains of an initial instability which is not
damped as the solution proceeds.

The second-order terms in the modified equation are most
likely to contribute to this oscillatory behavior. These terms
are shown by the dotted line for Ax?/6-f,, and the dash-dot
line for the sum of the remainder of A? terms in the lower part
of Fig. 3. Note that these terms are multiplied by a factor of
10 for plotting clarity. In the vicinity of the shock wave, the

-oscillations in the Ax?/6-f,, term are in phase with those

present in the solution and are of virtually identical
frequency. The same is true of the oscillations present at the
contact surface. The term -Ax?/6-f,, is clearly the leading
second-order term, as the individual magnitudes of the
remaining second-order terms are at least one order less than
the f,, term. When all of the second-order errors are summed,
the resultant error is essentially unchanged from that shown
for Ax?/6-f,, except for a slight reduction in the amplitude.
The third-order -errors are much smaller and thus not plot-
table on the scale of Fig. 3. Figures 4 and 5 give plots of
momentum and energy for this computation. Note that both
the characteristics of the oscillatory behavior in the solutions
and the distribution of the second-order truncation error are
different for these two quantities. Note also the great relative
amplitude of error at the shock waves in both instances. The
implication is clear that the nonlinear modified equation error
terms must be examind for each element in the ‘solution vector
before an overall picture of the error in the solution can be
obtained.

For the conditions of this computation, the backward
predictor MacCormack’s scheme («= 1.0, 8= 1.0) is unstable.
Examining the eigenvalue history reveals that the ‘‘u-c”
eigenvalue changes sign very early in computation for all of
the Lax-Wendroff techniques. The nonlinear instability which
this sign change denotes is not damped by MacCormack’s
backwards predictor technique for the right running shock

150 e 10X LEADING 2. ORD

TRUNCATION. ERROR
125 —-— 10XSUM OF REMAINING 2. ORD
TRUNCATION ERRORS
1.00
75}

MOMENTUM

-50 L -, 1

a = 1.000 g = 0.000 UNCORRECTED SCHEME CFL = 0.40
ITERATION NO. = 152 SPATIAL STEP = 0.05

TIME STEP = 0.01000° TIME = 1.500 .
Fig. 4° Momentum distribution in a one-dimensional shock tube as
solved by MacCormack’s method.
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Fig. 5 * Energy distribution in a one‘-dimensional‘shock tube as solved
by MacCor’ma‘ck’s method.
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~ Fig. 6 Density distribution in a one-dimensional shock tube as solved
by MacCormack’s method corrected to third order.

wave. (Note that the forward predictor MacCormack’s
scheme would be unstable for a left running shock wave.) The
remainder of the Lax-Wendroff schemes for which 8=0.5
have large oscillations in the vicinity of the shock wave and
contact surface for these conditions but do not contain as
large as oscillation at x=2.0. This is apparently due to the
presence of the second-order term, 3/2a 8(8—1)f" (wX,w ),
in the modified equation and the absence of the third term, —
36/2(28-1)f" (w,.f.), for B=0.5. The second term is
basically dissipative in nature and is much larger (although
still one to two orders of magnitude smaller than the leading
term) than the third error term which appears in both of the
MacCormack schemes.

The oscillations noted in the previous flgures are greatly
reduced when the original differential system is corrected to
remove the second-order terms which appear in the modified
equation. Figure 6 gives the density distribution for con-
ditions identical to those previously noted. In this instance,
the term f, of Eq. (6) contains all of the second-order
modified equation terms with the sign changed on each one,
thereby removing them at each step of the solution. It should
be noted. that removal of all of the second-order error terms
results in a third-order accurate method. Although small
oscillations remain between the shock wave and contact
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Fig. 7 Momentum distribution in a one-dimensional shock tube as

" solved by MacCormack’s method corrected to third order.
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Fig. 8 Energy distribution in a one-dimensional shock tube as solved

. by MacCormack’s method corrected to third order.

surface, the solution is much improved, with no additional
smearing of the discontinuities. In this instance, the leading.-
second-order correction term plotted in the lower part of Fig.
6 is that used to produce the solution for density as shown.
This term (Ax?/6-f,,.) is in reality a measure of the curvature
of the vector fand will not be zero at a given time increment
even though the term has been removed from the equation
solved at the previous time increment. Figures 7 and 8 give the
solutions for momentum and energy obtained by solving the
corrected equation. The most striking improvement is ap-
parent in the energy solution.

Since the leading truncation error term is much larger than
the-sum. of the remaining terms, solutions were obtained in
which only the leading second-order term was used to correct
the original equation. These solutions produced essentially the
same results as correcting for all of the second-order terms
and are not included in the figures. It was also noted that the

. net effect’ of the summation of the remaining terms was to

reduce the amplitude of the f,, slightly. Solutions were ob-
tained by correcting with 0.9 Ax?/6-f,, that were virtually

-identical with those produced by correctmg with the full

second-order set.
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The significance of the use of the leading second-order term
only for correction is that a two-step essentially third-order
accurate method can be obtained by the subtraction of

Ax?/6:f, from the original f vector in the equation. The

finite difference method is then applied as it would be nor-
mally. In the present study, central-difference approximations
were used for the f,, derivative at each mesh loeation.’

While there are other numerical schemes such as the
““artificial compression method’’!? which give better results
for the shock tube problem than our present procedure, these
other schemés are much more expensive to run. For the
present procedure only f,, needs to be computed along with f
from the given w.

To illustrate the effect of correctmg the original equation to
remove both second- and third-order truncation error terms,
Fig. 9 gives the solution obtained for the density. Very little
difference is noted between Fig. 9 (a fourth-order accurate
solution) and Fig. 6 (a third-order accurate solution).

. Examination of the amplitudes of the third-order terms show
most to be of order 1012 or smaller. This is a pleasing result,

. as considerable computational work is required to correct for

the third-order terms.
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50 ! ! L 1 J
o 1 2 3 4 5
X :
« = 1000 § = 0000 CORRECTED TO4THORD. CFL= 0.35
ITERATION NO. = 152 SPATIAL STEP = 0.05
TIME STEP = 0.01000 = TIME = 1.500

Fig. 9 Density distribution in a one-dimensional shock tube as solved
by MacCormack’s method corrected to fourth order.
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Fig. 10 Density distribution in a one-dimensional ‘shock tube as -
solved by the Euler implicit scheme.
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Implicit Schemes

The results for the shock tube problem solved by the im-
plicit schemes are shown in Figs. 10-12. For brevity we will
limit our attention to ‘the Euler implicit scheme (#=1.0,
£=0.0). The spatial and temporal steps are identical to-those
used for the results of the explicit scheme. Following the rules
similar to those given by Desideri et al.,!' the explicit and
implicit smoothing parameters were set as follows: €, =A¢,
€; =4e,.

These values were used for all the implicit numerical results
shown in this paper. Linear stability analysis predicts un-
conditional stability for the Euler implicit scheme for all

_wavenumbers ‘k, i.e., lgl=1. However, for the shortest

wavelengths (kAx=1) the scheme is not dissipative and thus
some small amount of dissipation must be added to control
the nonlinear instabilities.

The solution obtained by the uncorrected Euler implicit
scheme is shown in Fig. 10 for the density. This solution was -
obtained for a constant o=At/Ax=0.2, exactly the same as
for the explicit scheme. This figure also shows the first- and
second-order truncation errors. These errors are quite large
(on the order of 10-30% for the energy equation). Even more

’
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Fig. 11 Third-order truncation error for the Euler implicit scheme.
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Fig. 12 Density distribution and first- and second-order truncation
error in a one-dimensional shock tube solved by the Euler implicit.
scheme.



494 G. H. KLOPFER AND D. S. McRAE

surprising are' the third-order truncation errors, some of
which are shown in Fig. 11 for the density truncation error.
Even these third-order errors are of the order of a few percent
of the solution. For this ¢=0.2, for which the CFL number is
approximately 0.4, the basic features of the flow are fairly
well resolved although some overshoots do occur. If the value
of -0 is increased to 1.0 (for which the CFL number increases
to approximately 1.8), the solution shown in Fig. 12 is ob-
tained. The errors are much larger (by a factor of from 4 to 5)
and excessive smearing now takes place. The flow features
such as the shock wave or the contact surface are no longer
clearly distinguishable.

Conclusions

. A nonlinear modified equation analysis has been
demonstrated which allows detailed examination of both the
linear ~and nonlinear truncation errors introduced by the
finite difference approximation of a system of differential
equations. The advantages of this procedure are that the full
nonlinearities of the equations are considered and the full
system of equations is included. In other words, no sim-
plifications to linear, scalar, or model equations are
necessary. The technique has been demonstrated for two
popular types of finite difference schemes: the explicit
generalized Lax-Wendroff scheme and the four-parameter
~ implicit scheme. The system of differential equations con-
sidered is the one-dimensional unsteady. Euler equation of gas
dynamics.

The specific conclusions are as follows:

1) It was.shown that the nonlinear truncation errors are
quite large and distributed quite differently for each of the

three conservation eéquations as applied to a one-dimensional

shock tube problem.

2) A technique for removing these error terms from the
solutions has been developed and demonstrated.

3) Removing the leading second-order error terms from the.
Lax-Wendroff modified equation resulted in greatly im-
proved solutions.

4) The correction technique does not work for flrst order
accurate schemes such as the Euler implicit scheme. The cause

of the difficulty for first-order schemes is that the corrected

differential system becomes ill-posed.
5) The present technique is a powerful tool for analyzing
finite difference techniques. ‘

Appendix
The third-order truncation errors are given in this appendix
for both the generalized Lax-Wendroff scheme and the four-
parameter implicit scheme.

Generalized Lax-Wendroff Scheme
The third-order truncation error for this scheme is given

2 D=5 L [sor =0 1)
= 3G U S Ot 20 o) 1 LWL S W, W
P 140 B DD f A fuf s T W)
— Qa=1) (a=Df" R +3Qa=Df [, Fat W)
+32B= D= DI" Wi f"Ff =1 " W,
I Gt SV~ W WS 4T )

+ g {(I-2a)38(B=1)f"f,wi+3[28(B—1) +a]

XS WS+ 38(B=D) I (f" Wi+2" Wewy) }

+ B (282 =38+ 1)f" wf(]
a‘ i .

AJAA JOURNAL

Implicit Scheme

The third-order truncation error for the four-parameter
implicit scheme is as follows:
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